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An ecient Monte Carlo method for photon bremsstrahlung calculations in semilep-
tonic decays is described. This method is useful for order- radiative correction calcula-
tions, and for event generations in o-line Monte Carlo simulation programs. The order-
bremsstrahlung amplitude in hyperon semileptonic decays is given by using the Low-theorem,
and the bremsstrahlung amplitude squared is calculated for unpolarized decays. Numerical






! ne and  ! pe decays.
The general features of the Monte Carlo method might be useful for photon bremsstrahlung
calculations in other decay and collision processes.
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The large number of events detected in hyperon semileptonic decay experiments per-
formed in the eighties [ 1|4] makes possible the precise determination of the free theoretical
parameters of these decay processes. In addition to the small statistical and systematic errors
of the experiments, the theoretical uncertainties are also required to be as small as possible,
in order to exploit the possibilities of the precise experiments. Thus precise and reliable
calculations of the radiative corrections to various measurable quantities are needed.
Many order- electromagnetic correction calculations for hyperon semileptonic decays
have been published in the last two decades [5|20]. Three of these papers use ultraviolet
cuto [5,6] or dipole form factors [8] in order to handle the ultraviolet divergence problem. All
the other papers employ the model dependent | model independent separation introduced
by Sirlin [21] for neutron and nuclear -decays ( this separation is explained for hyperon
semileptonic decays in refs. 7, 12, 16; see also sect. 1 in ref. 18 ). The bremsstrahlung part
of the radiative correction is, from the theoretical point of view, much more easier to handle
than the virtual correction. The energy of the bremsstrahlung photons in the semileptonic
decays of the SU(3)-octet baryons is small compared to the baryon masses, therefore it is
a good approximation to assume that the bremsstrahlung photon is coupled minimally to
the pointlike baryons [5|12, 14|16, 18]. The Low-theorem [22|27] guarantees that the
bremsstrahlung matrix element can be more precisely determined, including not only the
terms of order K
 1
but also the terms of order K
0
( K denotes the bremsstrahlung photon
energy ) [13,17,19,20]. The terms of order K in the bremsstrahlung amplitude depend on the





, therefore they can be neglected.
There are two types of technical diculties during the photon bremsstrahlung calcula-
tion. The rst is the evaluation of the bremsstrahlungmatrix element squared, and the second
is the integration of this matrix element squared over the bremsstrahlung phase space. The
bremsstrahlung matrix element squared calculations have been performed either "by hand"
( i.e.: on paper, without computer) [5|11,13,15,17,19,20], or by the REDUCE symbolic al-
gebraic software [12,14,16,18]. The bremsstrahlung integrations have been made analytically
[5|11,13,15,17,19,20], numerically [12], or semianalytically ( by some combination of analyt-
ical and numerical methods) [14,16,18]. The analytical and semianalytical methods require
the calculation of many complicated analytical integrals. On the other hand, the pure nu-
merical method requires much computer time [28]. The dierent types of quantities in these
methods need completely dierent calculations, and it is very hard to take into account the
experimental details.
We describe in this paper a Monte Carlo method of order- radiative correction calcula-
tions for hyperon semileptonic decays. This method has several advantages compared to the
calculations published so far:
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1. With the aid of our method one can easily compute radiative corrections to every
quantity or distribution. The hard bremsstrahlung photon eects can simply be calculated.
2. The formulae presented here are rather simple and easily veriable.
3. This method is especially suitable for the experimental analyses, where the various
kinematic cuts, detection eciencies, energy resolution etc. necessitate to modify the theo-
retical distributions during the comparison of theory and experiment, in order to determine
the free theoretical parameters as precisely as possible.
4. Our method is useful not only for radiative correction calculations, but also for
event generation in the o-line Monte Carlo simulation programs.
The plan of the paper is the following. In sect. 2 we decsribe our Monte Carlo method
for the photon bremsstrahlung calculation of a general semileptonic decay. This method is
a substantial improvement compared to the method published in ref. 29. Sect. 3 contains
the description of the photon bremsstrahlung amplitude of hyperon semileptonic decays, by
using the Low-theorem. In sect. 4 the bremsstrahlung amplitude squared result is presented
for unpolarized hyperon semileptonic decays. The model independent virtual correction and
soft photon results are summarized in sect. 5. The results of our computer program runs
are given in sect. 6. The high eciency of our Monte Carlo method is illustrated, and the
radiative correction results are compared to published analytical and numerical results of
neutron, muon and hyperon semileptonic decays. The contributions of the various terms
of the bremsstrahlung matrix element squared to the measurable unpolarized quantities are
calculated, and the results are discussed. Finally, Appendix A and B contain useful formulae
needed for our Monte Carlo algorithm.
2. Monte Carlo method of photon bremsstrahlung calculation for
semileptonic decays
We start the presentation of our method with the calculation of the total decay rate of




l. Here l denotes a charged lepton, and  is the neutrino
counterpart of l. In the following the indices 1, 2, i and f refer to antineutrino, charged
lepton, initial ( decaying ) particle and nal hadron ( or the other antineutrino in muon and
 decays ), respectively. p, p, E and m denote four-momentum, three-momentum, energy




















































































A similar formula holds for the 
V


















() is the virtual matrix element,  denotes the photon mass











































































  k) : (2:5)








































We split the bremsstrahlung phase space into soft and hard regions ( K = jkj ) :
K < !(E
2
) : soft photon events
K > !(E
2
) : hard photon events
)
: (2:8)
Let us denote byD
0
































































































































where p = p
i
or p = p
f






















(z) is the same integral for
K > !(E
2
) ( for hard photons we do not need the  infrared cuto ). In order to cal-
culate the 
S
(z; ) soft part, we employ the (2.15) approximation. 
S
(z; ) can be written as
a sum of a large and 2 small terms :

S
(z; ) = ^
S





Here the rst term contains the whole infrared divergence of the bremsstrahlung total


























































































The result of the (2.19) integral is presented in appendix A.
The 
IN










































curve, outside the D
0
region. We have calculated these integrals, using the method described in app. B of ref. [18],
and the contributions of these integrals to various distributions and to the total decay rate
have been computed. These contributions decrease by decreasing the z parameter, and for
z  0:003 they are negligible. Therefore, these integrals are not necessary for our method,
and we do not present them in our paper.



























































The smaller is the z parameter the better is the above approximation.
The calculation of the 
0VS
(z) part is a trivial two-dimensional integration, if the M












, therefore the precise and quick numerical computation of the above
integral is rather easy.
The situation is quite dierent in the case of 
H







integrand has large peaks ( due to the charged particle propagators ):






































( here  is the angle between the photon and the electron directions in the decaying particle
CMS ).
The precise computation of 
H
(z) by 5-dimensional numerical integration needs a lot
of computer time [28]. A semianalytical calculation method was desribed in ref. [16]. The
computer time of the order- total decay rate calculation by this method is rather short.
On the other hand, by using this method, many complicated analytical integrals have to be
calculated, and it is dicult to take into account the experimental details.
The Monte Carlo method is a very good tool for complicated many-dimensional integral
calculation [30|39]. As it is well-known, huge isolated peaks of the integrandmake the Monte
Carlo method of integration very inecient ( the presence of these peaks cause large statistical
errors in the results ). One possibility to solve this problem is the employment of importance
sampling. We have to nd a g function which approximates theM
BR
bremsstrahlung density
rather well in the (2.27) and (2.28) peak regions, and we have to be able to generate hard
bremsstrahlung events according to g as a density function. The g approximate function is
good, if:
- the w =M
BR
=g weight function has small variance ;
- the event generation according to g is simple and quick.


































































































































We are interested only in hard photon events, therefore we should generate (E
2
;K) events
with K > !(E
2























are close to E
0
, and we approximate the !(E
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Using the (2.29) composition of the four-particle decay into three- and two-particle de-
cays, 
H























































































solid angle describes the orientation of the antineutrino three-momentum in the
CMS of the P
M
particle.
















(1   cos )
: (2:41)
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An ecient numerical calculation of F (M
2







































































The generation algorithm of the hard bremsstrahlung events according to the g function
is the following :
1. We generate anM
2
value according to F (M
2
) as ( unnormalized ) probability density
function, using the rejection method of von Neumann. The F (M
2
) function is computed in
500 points before the beginning of the generation, the maximum value of F (M
2
) is estimated,
and during the generation we use linear interpolation for the F (M
2
) calculation.
2. For the E
2
generation according to f(E
2










function, and we generate E
2
points according to the h(E
2












































Here and below u
j
(j = 1; 2; : : :) denote uniform, independent random numbers in the [0; 1]
































































values determine a hard bremsstrahlung event. The Monte


















The above event generation procedure is repeated N
H
times, and the weight for each
event is calculated ( w
j










































































































bremsstrahlung matrix element squared is usually expressed as a function of








and k four-momenta. We present these scalar products










Monte Carlo variables in appendix B.
For the generation of unweighted events the following procedure can be employed [35,37,39].
First, we compute the 
0V S
(z) "soft decay rate" by two-dimensional numerical integration
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( see eq. (2.25)), and the 
H
(z) "hard decay rate" by the above described Monte Carlo
method ( z << 1; f.e.: z = 10
 3















In order to generate an unweighted decay event, we compare P
H
with a u 2 [0; 1] random
number. If P
H
< u, then we generate a soft decay event, with zeroth-order kinematics.




) generation on D
0







; z) function. If P
H
> u, then we generate a hard decay event, i.e. a
decay with hard bremsstrahlung photon. For this purpose, we generate hard bremsstrahlung
events according to the g density function, and then we use the Neumann method with the
w = F
BR
=g function. The w
max

































































are the maximum values of these functions. The eciency measures ( in % ) the
proportion of the accepted events of the rejection method ( compared to the total number of




eciencies are large ( in the
case of hyperon semileptonic decays ). Therefore, our method is useful for unweighted event
generation in experimental o-line analyses.
On the other hand, one can use our method also for generation of weighted events. In
the experimental analyses it is important to calculate precise theoretical bin distributions,
which are compared to the measured bin distributions. These bin distributions are usually
normalized, because only the shape of these distributions is relevant for the t analysis























whereW (x) is the distribution of x ( with radiative correction included ),  is the total decay
rate, n is the number of bins, and x
i




are the minimal and maximal values of x ). The b(i) bin distribution can be calculated by






























(z; i) and b
H
(z; i) are the corresponding bin distributions of the soft and the hard
decay events, respectively. One can compute them by weighted event generation. Let us see,
for example, the calculation of b
H
(z; i). We generate N
H
hard events according to g. Let us
denote the x value of the j
0
th event by x(j), and the w = F
BR






























1 : if x
i
 x < x
i+1
0 : if x < x
i






(z; i) can be similarly calculated ( by soft event generation ). For special x
parameters ( f.e.: electron energy ) it can also be computed by numerical integration ( this
requires less computer time, if one would like to achieve high precision ).
3. The photon bremsstrahlung amplitude
Electromagnetic current conservation enables one to calculate the photon bremsstrahlung
amplitude in hadronic processes not only to order K
 1
, but also to order K
0
[22|27]. We


















+ M : (3:1)
Here
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where e is the electric charge ( e > 0, e
2
= 4 ), " is the bremsstrahlung photon polarization













and k are the electron and photon four-momenta, respectively. p is the four-
momentum of the charged baryon: p = p
i




and p = p
f





of the initial ( decaying ) and nal baryons, respectively.
M
0

































































In these expressions the indices 1, 2, i and f refer to antineutrino, electron, initial baryon








for strangeness-changing decays, where G



















= 840 MeV, M
A











form factors ( see section 4 for comments ). Time reversal invariance is assumed,
therefore the form factors are supposed to be real. The q
2









) form factors has large (  10 % ) eect on the measurable zeroth-order distributions,
therefore we have included it in (3.7).
The e(P")M
0
(q) term has 1=K photon energy dependence, and is therefore infrared
divergent. All the other terms inM
BR
are nite in the K ! 0 limit.
The second term in (3.2) is the order-K
0









































magnetic moment term can be written as the sum of
















































part of the bremsstrahlung amplitude is of order m=m
i
compared to the dom-
inant
~




. These terms would
yield contributions toM
BR




, but this is the order of magnitude of
the terms of order-K in M
BR
, which cannot be calculated rigorously by the Low-theorem
( the order-K terms inM
BR





part denes the pointlike hadron approximation for the photon brems-
strahlung amplitude ( the initial and nal baryons are treated as pointlike Dirac particles,
just like the electron ).
The interaction of the bremsstrahlung photon with the anomalous magnetic moments of



















































































units, respectively. For example :
^
p
= 1:79 ; ^
n




=  0:47 ; ^

=  0:72 :






































































is expression (3.11) with (3.12), andM
f
D
denotes expression (3.11) with (3.13).































































The photon bremsstrahlung amplitude of hyperon semileptonic decays derived by the







factor terms were included in the amplitude expressions, but the q
2















] terms agree with the
corresponding amplitude terms of the above mentioned papers ( as far as e is dened to be
negative in these papers ).
4. Bremsstrahlung matrix element squared for unpolarized decays
The matrix element squared in the case of unpolarized hyperon semileptonic decays has














































































, k and p
f
four-momenta ( see appendix B ).


























































































































  2X : (4:8)





























































































































































is the only infrared divergent term among the 13 terms in the sum of (4.1). It is
proportional to the zeroth-ordermatrix element squared, and this fact ensures the cancellation
of the infrared divergences in the sum of the virtual and bremsstrahlung corrections. We































form factors into the zeroth-order expressions, then the additional form factor






form factors, should also be added to eq. (4.6).
The C
2

















































































 P ) (j = i; f; 1; 2) : (4:20)































































































! k] : (4:23)




! k] by substituting the p
2
four-momenta by k in the expressions of



































terms represent the interference of M
D
with the rst and second parts



















































































=  256FAC : (4:30)





















































terms are contributions from the anomalous magnetic moments of the








, therefore we neglect







] is of order m=m
i





terms can be expressed by the help of the C
5





































( see eq. (4.32) ).
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The square of theM
MM







therefore we neglect it in our approximation.
In the case of neutron decay the terms of order m=m
i
can also be neglected. Therefore
M
BR
can be approximated by the dominant
~






are relevant for the M
BR








approximation, we get the
bremsstrahlung matrix element squared for unpolarized neutron decay:
M
BR

































































































This expression is in complete agreement with the formulae of the app. in ref. [43].
5. Model independent virtual correction
The separation of the virtual amplitude into model dependent and model independent
terms is explained in refs. [7,12,16] ( this separation was introduced by Sirlin in ref. [21] ). The
model independent part of the virtual correction together with the photon bremsstrahlung de-











, the model independent virtual amplitude
is approximately proportional to the zeroth-order amplitude ( see app. B in ref. [18]). The
model independent virtual correction formulae are presented in refs. [14,16,18]. The result of













































































































































































































In the case of neutron decay the r
V S
(x; y; !)=100 expression in the appendix of ref. [43]






approximation has been employed in
the calculation of eqs. (5.3, 5.4), therefore eq. (5.4) is not valid for neutron decay).
6. Numerical results
We have made several numerical calculations in order to check the Monte Carlo method
described in sect. 2. First, we have calculated the model independent radiative correction to
the neutron decay rate, using the (4.52) matrix element squared, and eq. (A2) in ref. [43].
We present below the results of program runs with two dierent z and N
H
input values ( N
H
is the number of hard events that were generated ):






(z) = 0:564 ; r
H
(z) = 0:004 ;
r

= 1:50 ; r
an

= 1:51 ; (6:1)
E
0V S
= 75:2 ; E
H
= 38:4 ;
b, z = 0:001 ; N
H




(z) = 0:903 ; r
H
(z) = 0:003 ;
r

= 1:50 ; r
an

= 1:51 ; (6:2)
E
0V S









were dened in sect. 2 ( eqs. (2.69, 2.63, 2.64) ). r
H
(z) is the
statistical error of r
H
(z), calculated by eq. (2.60). r

is the Monte Carlo result for the relative












is the same correction, calculated by the Sirlin-function ( see refs. [21,43]). The









, and the E
H
eciency of the hard bremsstrahlung generator is rather high.
The neutron decay bremsstrahlung has no collinear peak, becausem
2





( see eq. (2.28) ). We can, however, put a smaller m
2
value into our Monte
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Carlo program, in order to see the eect of the collinear peak. Our method gives the following





= 0:01 MeV ; z = 0:001 ; N
H




(z) = 10:99 ; r
H
(z) = 0:02 ;
r

= 1:46 ; r
an

= 1:46 ; (6:4)
E
0V S
= 72:7 ; E
H
= 36:0 :









! ne and  ! pe decays ( see table 1 ). In the case of muon decay the virtual
correction results of ref. [44] were employed, and the bremsstrahlung matrix element squared
was precisely calculated by REDUCE. The r
an

value presented in table 1 is the well-known
analytical result of refs. [45,46]. For the hyperon decays the results of sections 4 and 5 were
used.




















Therefore our Monte Carlo method is very ecient. The radiative correction calculations by





eciency values make this method useful for unweighted event generation.
The g approximate function ( see eq. (2.41) ) removes completely the infrared peak
and the electron{photon collinear peak from M
BR
. Therefore, we expect our Monte Carlo
method to be ecient for all charged semileptonic decays, and for those neutral semileptonic
decays where the outgoing charged particle is not ultrarelativistic. In order to see the Monte
Carlo eciency dependence on the outgoing charged particle mass, we have computed the E
H




neutral semileptonic decays one could employ the "channel method", described in ref. [37],
in order to get higher E
H
eciencies.
We have calculated also various bin distributions ( see eqs. (2.66{2.71) ). The radiative
correction to the electron energy bin distribution was computed in the case of the neutron
and muon decays, and the results were compared to the bin distribution corrections obtained
by using the analytical correction functions of refs. [21] and [46]. We have also alculated
the photon energy bin distribution for muon decay, and we compared it to the analytical
result of refs. [47,48]. Complete agreement was found for each bin distribution. In the case of















) vectors ). Using the same
theoretical framework and input parameters as in ref. [16], we were able to compare our
Monte Carlo results to the numerical tables of ref. [16]. For this purpose, we have applied
cubic line interpolation and extrapolation to the results of tables 3, 5 and 6 in [16]. Here,
also, complete agreement between the two calculations was found.
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We have made a detailed numerical investigation in order to see the contributions of
the C
j
( j = 1; : : : ; 13 ) terms of the bremsstrahlung matrix element squared to the various
measurable quantities. One can judge the order of magnitude of the C
j
terms from the
results presented in table 3. Here we vave calculated the model independent relative radiative








is the electron energy
maximum, see eq. (2.10) ). The numbers in the 1, 1|3 and 1|13 columns show complete













etc.). The other columns contain only the hard bremsstrahlung correction. It is remarkable




terms are very small. We have calculated the




bin distributions for 
 
! ne and  ! pe




+ : : :+C
13









truncated bremsstrahlung . These two distributions dier by less than




terms have very small eect on the unpolarized
distributions.









= 0, that is neglecting the q
2
dependence of the form factors both in the
zeroth-order and in the radiatively corrected distributions ( see sect. 3 ). We have compared
these results with those corrections where the q
2
dependence of the form factors was properly
taken into account. These two corrections dier by less than 0.1 %. This result suggests
that, in general, the relative radiative corrections are not sensitive to the q
2
dependence of
the form factors. In ref. [16] relative radiative corrections were tabulated for several distri-











= 0 for both the zeroth-order distributions and for the radiative corrections.
The relative correction results published in this paper should be, therefore, multiplied by the
zeroth-order distributions expressed by q
2
dependent form factors, in order to get precise
radiatively corrected distributions.
We have published in ref. [49] relative radiative correction results for several bin distri-
butions of  ! pe decay. These corrections were calculated by the Monte Carlo method
described in ref. [29]. We have repeated these calculations, by using our new Monte Carlo
method. Good agreement between the two computations was found. The computer time
needed to achieve a given statistical accuracy by the new method was 10 times smaller than
by the method of ref. [29]. The results of ref. [49] illustrate the importance of the reliable
and precise hard photon calculations for the experimental analyses.
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Appendix A
In the case of charged semileptonic decays ( p = p
i
) the (2.19) integral can be exactly





































































In the case of neutral semileptonic decays eq. (7.3) of ref. [50] has been employed. For
the semileptonic decays of the SU(3)-octet baryons the m=m
i
 1 and   1 properties





























































( Z is given in app. B ).
Eq. (A4) is valid up to terms of order m=m
i








We employ the letters A; B; C; D; E; F; X; Y; Z and W to denote the 10 scalar






, k and p
f
















































 E   F ; (B4)
E := (p
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 k) = C  E   F : (B10)
N
12




















are expressed in eqs. (2.7), (2.14) and (2.33). E
f
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Table 1.








! ne and ! pe decays

















! ne ! pe
r
H
(z) 13.51 15.31 14.36
r
H

















eciencies in ! pe decay for various proton masses
m
p
(GeV) 0.94 0.5 0.4 0.3 0.2 0.1 0.05
E
H
38 24 18 9.6 4.5 1.2 0.4
Table 3.
Contributions of the C
j







events ( z = 0:001 )
C
j
terms 1 1|3 1|13 4|5 6|9 10|11 12|13

 
! ne 1.13 4.53 4.50 -0.04 0.01 -0.02 0.02
! pe 3.27 6.50 6.57 0.04 0.02 -0.01 0.02
